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Abstract 

In this paper, we search some best proximity point for a novel class of non-self-mappings called a—proximal 
0 — ¢-mapping. Our results generalize and extend many recent results appearing in the literature. Several 
consequences are derived. As an application, we explore the existence of best proximity points for a metric 
space endowed with asymmetric binary relation. 
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Introduction 


One of the fundamental results in fixed point theory is the Banach contraction principle [1]. Due to its impor- 
tance, various mathematics steadied many interesting extensions and generalizations of this principle[2, 5-7]. 

The Banach contraction theorem states that if (X, d) is a complete metric space and T : X — X is self- 
mapping with contraction, then T has a unique fixed point. 

On the other hand for given non-empty closed subsets 4 and B of a complete metric space (X, d), a 
contraction for non-self mapping T : A — B does not necessarily guarantee that it will have a fixed point. In 
this case, it is quite natural to investigate an element x € A such that d(x, Tx) > 0 is in some sense minimum, 
more precisely a point x € A for which d(x, Tx) = d(A, B) is called a best proximity point of T. 

In this paper, we prove the existence and uniqueness of best proximity point for a—proximal 8 — ¢—-non-self 
mapping defined on a closed subset of a complete metric space. Also, we prove the existence and uniqueness 
of best proximity point on metric space endowed with symmetric binary relations. 


preliminaries 
Let (A, B) be a pair of non empty subsets of a metric space (X, d). We adopt the following notations: 
d(A, B) = {inf d (a,b) : a € A, b € B}; 


Ay = {a € A there exists b € A such that d (a, b) = d (A, B)}; 
Bo = { b € B there exists a € A such that d (a, b) = d (A, B)}. 
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Definition 1. [4]. Let T : A — B be a mapping. An element x* is said to be a best proximity point of T if 
d(a*,Tx*) =d (A,B). 


Definition 2. [9]. Let (A, B) be a pair of non empty subsets of a metric space (X , d) such that Ag is non empty. Then 
the pair (A, B) is to have P-property if and only 


d (x1, 91) =d (x9, y2) = d (A, B) 
then d (x1, £2) =d (y1, Y2), where x1, xo E€ A and y1, yo € B. 
Definition 3. [4]. Let a : A x A —> [0, +00[. We say that T is said to be œ proximal admissible if a (x1, x9) > 1 and 
d (u1, Tx1) =d (ug, Txg) = d (A, B) = a (u1, ug) > 1 for all x1, £9, u1, ug € A. 
Definition 4. /8] Let © be the family of all functions 6 : 10, +œ0| — ] 1, +00[ such that 
(81) 8 is increasing, 
(02) For each sequence x, € 10, +co|; 


lims, =0, ifandonlyif lim 0 (x)= l; 


n—=>0 


(03) @ is continuous. 

Definition 5. /10] Let ® be the family of all functions ġ: [1, +œ| — [1, +00[, such that 
(61) $ is increasing; 

(ġ2) For eacht € ]1, +00[, limyso"(t) = 1; 

(3) ¢ is continuous. 

Lemma 6. /10] If ġ € ® Then 6(1)=1, and ¢(t) < t. 


Definition 7. [70] Let (X , d) be a metric space and T : X —> X be a mapping. 
T is said to be a 8O — ġ—contraction if there exist 0 € © and ¢ € ® such that for any x,y € X, 


d (Tz, Ty) > 0 = 8 [d (Tz, Ty)] < ¢ [0 (d (z, y))], 


Main result 


We introduce the following concept which is a generalization of the definition of 6 — é-mapping. 


Definition 8. Let (X, d) be a metric space and (A, B) be pair of nonempty subset of X. A non-self mapping T : A > B 
is called a—proximal 0 — ¢-—mapping, where a : A x A > [0, +00[ , if there exists 9 € © and ġ € ® such that for any 
xz,y EX, 

a(z, y)0 (d (Tx, Ty)) < ¢ [0 (d (£,))] 


Theorem 9. Let (A, B) be pair of nonempty closed subset of a complete metric space (X , d) such that Ag is nonemty. 
Leta : AxA — [0, +œ[, 0 € Oand ġ € ®. Consider an a -proximal 0 — ¢—non-self mapping T : A > B satisfying 
the following assertion: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 


(2) T is a -proximal admissible; 
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(8) there exist elements xy, xı € A such that d(x,, Txo) = d(A, B) and a (xo, x1) = 1; 
(4) T is continuous. 
Then T has a unique best proximity point x* € A such that d (a*, Tx*)=d (A, B). 


Proof. From condition (8), there exist elements xo, xı € Ag such that 
d(xı, Txo) = d(A,B) and a(x, xı) 2 1. 


Since T (Ao) € Bo, there exists xg € Ag such that d(xq, Tx1) = d(A, B). 
Now, we have 


d(a1,T x9) =d(A, B), a(x, x1) = 1 and d(x, Tx) = d(A, B). 
Since T is œ— proximal admissible, this implies that a (x1, x2) > 1. Thus, we have 
d(a9, Tx) =d(A,B) and a(x, x9) > 1. 
Again, Since T (Ao) € Bo, there exists xg € Ap such that 
d(x3, Txg) = d(A, B). 
Continuing this process, by induction, we construct a sequence xz E€ Ag such that 
d (£n+1;, Tzn) =d(A, B) and a(x, 2n41) 2 1,Vn €N. (1) 
Since (A, B) satisfies the P property, we conclude from (1) that 
(tn, Xn41) = A(T £n, T2y41), Yn € N. (1) 
We shall prove that the sequence x, is a Cauchy sequence. Let us first prove that 


lim d (an; Ln+1) = 0. 


n— oo 


As T is a-proximal (6 — ¢)— mapping and æ (£n, £n+1) = 1. Then 
0 [d (£n, £n+1)] = 8 [d(T £n-1, T£n)] < æ (£n-1, £n) 0 [d (T£n-1, TXn)] 
As 8 is increasing and using the Lemma 6, we conclude 
d (En, En41) < d (En-1, Ln) - 


Therefore, {d (£n+1,£n)}nen is monotone strictly decreasing sequence of non negative real numbers. Conse- 
quently, there exists A > 0 such that 
lim d (2n41,2n) =A. 


n— oo 


Now, we claim that 2 = 0. Arguing by contraction, we assume that A > 0. Since d (£n+1,2n) x İs a non negative 


ne 
decreasing sequence, then we have 


d(tn41,0n) 2A Wn EN. 


From assumption of the theorem we get, 


0 [d (Xn, Xn41) =6 [d (T2y-1 ’ T2,)] 


< (o [0 (d (Tais Tzn))] 
1% 
< 6" [0 (d (x0, 21))] 
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By (61) and (9) and letting n — œ, we obtain 
1<@6@(A) <1. 


Which is a contradiction. Therefore, 


lim d (£n, £n+1) = 0. (2) 


n—oo 


Next, we shall prove that {x,},,e, is a Cauchy sequence, i.e, limpo d (£n,£m) = 0, for all n € N. Suppose to 


the contrary that exists £ > 0 and sequences n4) and mg) of natural numbers such that 


mk) > nk) >k, D (ae Tog >e, D (Sintiu) <E. (3) 


Using the triangular inequality, we find that, 


e<d (Si ; i <d cae : Zn(t)-1) +d (znai fag) (4) 
<e+d (si Sap) : (5) 
Then, by 2 and 4, it follows that 
jimd (ma, n) =. (6) 
Using again the triangular inequality, 
d (nasi ; tas <d (Cain i tie +d (am; digs) +d Cr , Biga] . (7) 


On the other hand, using triangular inequality, we have 
d on ? TA < d (ai ? ii) + d (ae ? Dipal + d R $ Dag) a (8) 
Letting k — œ in inequality 7 and 8, we obtain 


lim d one ; ee) =E; (9) 


k— oo 


Substituting x = Em and y = Zna in assumption of the theorem, we get, 


0 (a (wastana) <¢ [o (a (gana . (10) 


Letting Letting k — œ the above inequality 10, from lemma 6 and using (61) and (@3) , we obtain 


o pen (a ena2n)] 





0 (in d abe ; T) <¢ 
— 00 
Hence 
E<€E. 


Which is a contradiction. Thus, the sequence {x,} is a Cauchy sequence in the closed subset A of the metric 
space (X, d). Since (X, d) is compete and A is closed assures that the sequence {x} converges to element 
aed. 

On the other hand, T is a continuous mapping. Then we have Tx, — Tx* asn — œ. The continuity of 


the metric d implies that 
d(A, B) =d (&n41, Tan) > d(x", Tx"). 


Therefore, 


d(x*, Tx*) = d(A, B). 
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Then T has a best proximity point. 
Uniqueness. Now, suppose that x*, y* € A are two distinct best proximity points for T such that 2* = y*. 
Since d(a*, Tx*) = d(y*, Ty*) = d(A, B), using the P property, we conclude that 


d(a*,y*) =d(Ta*, Ty"). 
Since T is an a@— proximal 6 — ¢—mapping, we obtain 
8 (d(Tx", Ty")) < 6 [6 (d(2*, 3*))]. 


Therefore 


8 (d(A, B)) < ¢ [0 (d(A, B))]. 
Then d(4, B) < d(A, B), which is a contradiction. o 





Theorem 10. Let (A, B) be pair of nonempty closed subset of a complete metric space closed subsets of a complete metric 
space (X, d) such that Ag is nonemty. Let a : AX A > [0,+00[, and 6 € O and ¢ € ®. Consider an a-proximal 
0 — d-mapping T : A > B satisfying the following assertion: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 
(2) T is a -proximal admissible; 
(3) there exist elements xo, xı € A such that d(a,, Txo) = d(A, B) and a(xo, x1) = 1; 


(4) If {xn} is a sequence in A such that a (£n, £n+1) = 1 and x, > x* as n > ©, with x* € A, then there exists a 


subsequence Eng, Of {Xn} such that a (Eny eX") 2 1 for all k. 
Then T has a unique best proximity point x* € A such that d (a*, Tx*)=d (A, B). 
Proof. Following the proof of Theorem 9, there exists a Cauchy sequence {x,} € A such that 
(tn41, 1%) =d(A, B) and a(ay,Xn41) > 1, Vn EN. (11) 


and (£) > x* as n — œ, with x* € A. From the condition (4) of the theorem, there exists a subsequence Ina 
of {£n} such that a@(x,,),2*) > 1 for all k. 


Since T is a œ— proximal 6 — ¢— mapping, then we have 
6 (d(PanyT2*)) < [0 (dtug) YE. 


By of the lemma (6), we get 
0 (aT ti ; Ta") <0 (a ; x’) Vk. 


As 8 is increasing we conclude that 
d(T ny, Tx") < (d (Eng T”) for all k. (12) 
By the triangular inequality, we have 


d(a*,Tx*) < d(a’*, Viera) Hd Caines 1 ing) PAT Enpo Tx") 
=d(x*, Dia) +d(A, B)+ d(T Eny , Tx"). 


We obtain that 
dle, Tx*) dA, B) dd Saga) SOU Bays le ))s (18) 
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Using (12) and (13), we get 
diz, Ta )=ad(A, B) = d@ stags) < Gag s® )- (14) 
By letting k — œ in inequality (14), we obtain 
d(a*, Tx*) = d(A, B). 


Therefore x* is a best proximity point for the non-self mapping T. 


Uniqueness: follow similarly as Theorem 9. o 





Example 11. Let X = R endowed with the standard metric for all x, y € A. 
Let A = [2, 4] and B = |4, 5]. 
Consider the non-self mapping T : A — B such that T (a) = 1 foralla € A. 
Therefore, T (A) = B. 
On the other hand A and B are closed subsets on the complete space (R, d). 
It is easy to see that the couple (A, B) satisfies the P property. Let the function a(x, y) = 1 forallx,y € A. We have 


1 3 
d(T(2), 2) =d (5. 2} = 5 =4(4,B). 


So hypotheses (1), (2) (8), and (4) of the theorem are satisfied. 
Now, let the functions @: [1, +œ[ —> [1, +00[ defined by 


1 
o() =. 


And define 0 : |0, +00[ — ]1, +00[ by 


a(t) = vet. 
Obviously, 6 € ® and 6 € ©. 


In what follows, we prove that T is a (0 — ¢)— proximal mapping. We consider four two cases. 


Case. 1. x = y. In this case, we have 


9 (d(Tx, Ty)) =0 < ¢ [0 (d (z, y))]. 


Case. 2. x + y. In this case, we have 


6 (d(Tx, Ty)) = TET +1 =E- Hea =f" +1. 
£ y £Y 

















On the other hand 
$ l0 d (ey) = EE L 
Since, 
| =-4- = }+1] = (PLN) 2 Pp alla wed: 
| e +1|+ Jæ 

















Thus, T is a œ-proximal (0 — ġ)—-mapping. So the conclusion is the existence and uniqueness of best proximity point of 


the mapping T which is 2. 
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Consequences 


For the case a = 1, the definition of 0 — ¢—mapping is the following. We have following best proximity point 


result. 


Definition 12. Let (X, d) be a metric space and (A, B) be pair of nonempty subset of X. A non-self mapping T : A > B 
is called proximal 0 — ġ— mapping if there exists 0 € © and ġ € ® such that for any x,y € X, 


0 (d (Tz, Ty)) < ¢(6 [d (a, y)]) 


Theorem 138. Let (A, B) be pair of nonempty closed subset of a complete metric space (X , d) such that Ag is nonempty. 
Let 0 € O and ġ € ©. Suppose that T : A > B is a non-self mapping satisfying the following assertion: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 
(2) T is a proximal 6 — p—mapping, 
then T has a unique best proximity point x* € A such that d (x*, Tx*)=d (A, B). 


Proof. Consider the mapping a : A x A —> [0, +œ[| defined by: æ (x, y) = 1, Yx, y € A. 
From the definition of a, clearly T is a—proximal admissible and also it is @— proximal 0 — ¢—mapping. 
On the other hand, for any x € Ag, since T (Ao) € Bo, there exists y € B such that d(T x, y) = d(A, B). 
Moreover, by condition (2), T is a continuous mapping. Now all the hypotheses of Theorem 9 are satisfied 


of the existence and uniqueness best proximity point. Oo 


Definition 14. Let (X,d) be a metric space and (A, B) be a pair of nonempty subsets of X. A non-self mapping 
T : A —> B is called proximal-Browder contractive mapping, if there exists y where yp : [0, too| — [0, +00[ be an 
increasing and right continuous function such that p(t) < t fort > 0, We have 


d(T x, Ty) < y(d(a,y)) forall x,y € X. 


Corollary 15. Let (A, B) be pair of nonempty closed subset of a complete metric space (X , d) such that Ag is nonempty. 
Consider non-self mapping T : A — B satisfying the following assertion: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 
2) T is a proximal-Browder contractive mapping, 
then T has a unique best proximity point x* € A such that d (a*, Tx*)=d (A, B). 


Proof, Let 6(t) = e for all t € ]0, +00[, and (t) =e") for all t € [1, +co[. Obviously, 6 € ® and 6 € ©. 
By the definition of ¢, we have 


$ (©) = pelt), 
In what follows, we prove that T is a (0 — 6)— proximal mapping. 
d(Tx,Ty) < (d(x, y)), 
So, 


TET = 9 (d(Tx,Ty)) 
< eP(d(L2,Ty)) 


=¢ (0 [d (x, y)]). 


Therefore, from Theorem 9, T has a unique best proximity point z* € 4. We can suppose that ¢ is a strictly 
increasing and continuous function. As in the proof of theorem 1 of [6] we conclude that T is a 0- ġ-— proximal 





mapping. Therefore, from Theorem 9, T has a unique best proximity point x* € A. o 
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Definition 16. Let (X, d) be a metric space and (A, B) be pair of nonempty subset of X. A non-self mapping T : A > B 
is called proximal 0— mapping if there exists 6 € © and k € ]0, 1[ such that for any x,y € X, 


0 (d(Tx,Ty)) < [0 (d(a,y))I*, 


Corollary 17. Let (A, B) be pair of nonempty closed subset of a complete metric space (X , d) such that Ao is nonemty. 
Let 0 € ©. Suppose that T : A > B is anon-self mapping satisfying the following assertion: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 
(2) T is a proximal 6—mapping, 
then T has a unique best proximity point x* € A such that d (a*, Tx*)=d (A, B). 


Proof, Let (t) = tt. Obviously, 6 € ®. So T is a (8, 6)— proximal mapping. Therefore, from Theorem 9, T 


has a unique best proximity point x* € A. o 





Applications 


Corollary 18. Let (X,d) be a metric space and let T be a self mapping on X, suppose that there exists 0 € © and 
$ € ® such that for any x, y € X. 
IfT satisfies the following inequality 


8 (d (Tx, Ty)) < [6 (d (x, y))] . 
Then T has a unique fixed point. 


Proof. By considering A = B = X and the function @ (x, y) = 1 in Theorem 9, we guarantee the existence and 


uniqueness of a fixed point a self mapping T. o 


We need some preliminaries to apply our results on the best proximity points in a metric space endowed 
with a symmetric binary relation. 


Let (X.d) be a metric space and R be a symmetric binary relation over X . 


Definition 19. /4]. A non-self mapping T : A —> B is a proximal comparative mapping if xRy and d(u1, T£) = 
d(ug, Ty) = d(A, B) forall x, y, u1, ug € A, then u; Rug. 


Definition 20. [8]. We say that (X, d, R) is regular if, for a sequence, we say that (X , d, R) is regular if, for a sequence 
In in X, we have xn KR xn+1 for alln € N and limy—ood (£n, £) = 0 for some x € X, then there exists a subsequence 
np) Of Xn such that no) Rx for all k € N. 


Definition 21. Let X be a nonempty set. A non-self mapping Let X be a nonempty set.Anon-self mapping T : A > B 
is called (0 — $)— contractive if there exists 0 € © and ġ € ® such that x, y € A: x R y, we have 


8 (d (Tx, Ty)) < ¢[6(d(a,y))]. 


We have the following best proximity point results. 


Theorem 22. Let (A, B) be a pair of nonempty closed subsets a complete metric space (X , d) such that Ao is nonempty. 
Let R be a symmetric binary relation over X. Consider a non-self mapping T : A —> B satisfies the following assertions: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 


(2) T is proximal comparative mapping; 
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(3) there exist elements xo, xı € A such that d(xp, x1) = d(A, B) and xo R xı; 
(4) If (A, B, R) is regular; 
(5) There exists 0 € $ and  € ® such that T is 9 — ¢—-contractive. 

then T has a unique best proximity point x* € A such that d (a*, Tx*)=d (A, B). 


Proof. Let us introduce the function 
a:AxA— [0,+00) by: a(z, y) = | : ay 
0 otherwise 
Suppose that 
a (x1, £2) > l; 
d (u1, Tx1) =d (4A, B); 
d (ug, T xg) = d (A, B). 


for some x1, £2, U1, ug € A. By the definition of «œ, we get that 


cRy; 
d (u1, Tx) = d(A, B); 
d (ug, T x2) = d(A, B). 


Condition (2) of Theorem implies uj Rug, which gives us æ (u1, ug) > 1. 

Thus we prove that T is a— proximal admissible. 

Condition (8) implies that d (x1, Txo) = d(A, B) and a (xo, xı) = 1. 

The condition T : 4 — B is (8 — ¢)- contractive means that T is an @—proximal 6 — ¢— mapping. 
Also the condition (4, B, R) is regular implies that if x, is a sequence in A such that @ (£n, £&n+1) > 1 and 
limy—oo d (£n, £) = 2* € A, then there exists a subsequence nz) of x, such that æ (ng), 2*) > 1 for all k € N. 

Now all the hypotheses of Theorem 9 are satisfied, which implies the existence and uniqueness of a prox- 


imity point the non-self mapping. mj 


Theorem 23. Let (A, B) be a pair of nonempty closed subsets a complete metric space (X , d) such that Ag is nonempty. 
Let R be a symmetric binary relation over X. Consider a non-self mapping T : A —> B satisfies the following assertions: 


(1) T (Ao) € Bo and the pair (A, B) satisfies the P property; 
(2) T is proximal comparative mapping; 
(3) there exist elements xo, xı € A such that d(xox1) = d(A, B) and xp Rx; 


(4) there exists 0 € © and ¢ € ® such that 


thy = 0 (d (Tx, Ty)) < 6 (0 [d (z, y)]). 


(5) T is continuous, 
then T has a unique best proximity point x* € A such that d (x*, Tx*)=d (A, B). 


Proof. Let us introduce the function 
a: AxA —> [0,+0) by: æ(x, y) = | l KPRF 
0 otherwise 
Suppose that 
a (x1, £2) > l; 
d (u1, Tx1) =d (4A, B); 
d (ug, Tx) = d (A, B). 
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for some 21, £2, U1, ug € A. By the definition of a, we get that 


aRy; 
d (u1, Tx1) = d(A, B); 
d (ug, T x9) = d (A, B). 


Condition (2) of Theorem implies uj Rug, which gives us æ (u1, ug) > 1. 
Thus we prove that T is -proximal admissible. 
Condition (8) implies that d (x1, Txo) = d(A, B) and a (xo, x1) 2 1. 
by condition (5) T is continuous mapping. 
Finally, condition (4) implies that 


a(x, y)0 (d (Tx, Ty)) < ọ [0 (d(x, y))] for all x,y € A, 


Now all the hypotheses of Theorem 9 are satisfied, which implies the existence and uniqueness of a proximity 
point the non-self mapping. o 
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